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Abstract   

Least-squares (LS) migration attempts to invert the 
propagation of waves as they travel through the earth to 
obtain an estimate of the reflectivity. As such it goes 
beyond standard imaging that uses the adjoint of the 
modeling operator only. Therefore it promises to remove 
illumination variations due to both the acquisition 
geometry and complex overburdens. This means it has 
an application for the exploration of pre-salt targets in 
Brazil, where the reservoirs are typically buried 
underneath a complex overburden consisting often of a 
combination of volcanics, carbonates and salt. Moreover, 
almost all streamer acquisition off-shore Brazil has so far 
been narrow azimuth, and it is well known that such 
acquisition imposes substantial illumination variations. 
Here we present the application of an image-domain 
single iteration LS-RTM imaging to narrow-azimuth 
streamer data from two important basins off-shore Brazil: 
the Santos and Espírito Santo basins. We show that such 
imaging can indeed improve the amplitudes of images 
below a complex overburden and reduce migration 
artifacts, when compared to standard RTM. We validate 
the effectiveness of the method by calculating point-
spread functions (PSFs) after LS-RTM and comparing 
them to PSFs after standard RTM in terms of amplitude 
balancing and focusing of the PSFs. We show that 
comparison of the PSFs resulting from both methods 
provides a robust approach to quality-control the result 
from LS-RTM, in terms of correcting for illumination 
variations.  

Introduction 

Migration of seismic data involves moving data from the 
location where they were recorded in the data domain to 
their corresponding location in the image domain. Even 
though the location in the image domain is accurate 
according to a given velocity model, this method does not 
compensate for amplitude variations due to illumination 
variations. These illumination variations originate from the 
used acquisition geometry as well as from the focusing 
and de-focusing of waves as they travel through the 
overburden before (and after) they hit the reflectors. 
Mathematically speaking, this means that the data are 
operated on by the adjoint of the modeling operator 
instead of its inverse. Therefore, after standard migration 
such as RTM, the image of the geological targets still 

contains amplitude variations due to illumination 
variations.  

Least-squares migration (LSM) aims to invert the 
propagation of waves as they travel through the earth for 
the reflectivity, and as such promises also to remove 
amplitude variations in the image due to both acquisition 
geometry and a complex overburden, as well as increase 
the resolution of the imaged reflectors and reduce 
migration artefacts. Various methods have been proposed 
for LSM, some using an iterative inversion (Tarantola, 
1987; Schuster, 1993; Nemeth et al., 1999) and others 
using a single-iteration inversion only (Hu et al., 2001; 
Rickett, 2003; Guitton, 2004; Lecomte, 2008; Khalil et al., 
2016). Considering the computational expense of LSM, 
single iteration methods are preferred over iterative 
methods. Therefore recently, Wang et. al (2016), inspired 
by the work of Guitton (2004) and He et. al (2013), 
introduced a curvelet domain Hessian filter (CHF) to 
approximate LSM using a single iteration in the image 
domain.   

Here we apply CHF to two field datasets offshore Brazil 
acquired using narrow-azimuth (NAZ) streamer 
acquisitions in the Santos and Espírito Santo basins. 
Because in Brazil almost all streamer acquisitions so far 
have been NAZ surveys, it is particularly relevant for off-
shore exploration in the pre-salt to estimate the benefits 
of using LSM in terms of its ability to remove illumination 
variations due to the acquisition geometry. Considering 
that CHF can in principle be done using different types of 
migration algorithms such as Kirchhoff or reverse-time 
migration (RTM), we mention that we use it here only in 
the context of RTM. Throughout this work we shall use 
the terms CHF and LSRTM interchangeably, but it should 
always be understood that the method we use to 
approximate LSRTM is always CHF applied in the image 
domain.    

Estimating the effectiveness of LSM on the images before 
and after application of LSM can be cumbersome as it is 
impossible to separate amplitude variations due to 
illumination variations from amplitude variations due to 
subsurface reflectivity variations. In order to have a 
measure of the effectiveness of LSM, point-spread 
functions can be calculated for standard RTM as well as 
for CHF. Knowing that in principle CHF should remove 
amplitude variations due to illumination variations, the 
amplitudes of the PSFs after application of CHF should 
be more uniform as a function of position inside the 
image, when compared to the amplitude of the PSFs after 
standard RTM. This can be used to quality-control the 
application of LSM. In this paper we show the application 
of this quality control for two field datasets. We 
emphasize that we do not use the PSFs to deconvolve 
the image in any way as in migration deconvolution. We 
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only use the PSFs resulting from CHF and standard RTM 
to estimate if CHF successfully rebalances the amplitudes 
and thus corrects for amplitude variations due to 
illumination variations. 

Curvelet domain Hessian filtering 

LSM in the image domain in essence involves the 
application of the inverse Hessian to a migrated image. 
Iterative approaches to this inversion are still expensive 
because they involve many migrations as well as 
modeling operations. To overcome this, Guitton (2004) 
first proposed the use of non-stationary matching filters to 
approximate the inverse of the Hessian matrix in a single 
iteration. More recently, Wang et al. (2016) extended this 

idea by estimating such a filter in the curvelet domain. 
The curvelet domain is preferred to the spatial domain to 
avoid unwanted event shifting and for its capability to 
better match events with different dips (e.g. reflectors 
close to faults or salt flanks). 

In Guitton’s approach we start with a reverse time 
migration (RTM) of the recorded data 𝑑0 to obtain the 

migrated image 𝑚0: 

𝑚0 = 𝐿𝑇𝑑0 , 

where 𝐿𝑇 denotes the migration operator, i.e. the adjoint 

of the Born modeling operator 𝐿 . Then we perform a Born 

modeling using the migration velocity and 𝑚0 to obtain the 

synthetic data 𝑑1. The new image 𝑚1 is then the result of 

the remigration of 𝑑1, i.e. 

𝑚1 = 𝐿𝑇𝑑1 = 𝐿𝑇𝐿 𝑚0 

where 𝑚1 is the newly obtained image. The operator 𝐿𝑇𝐿 
is generally referred to as the Hessian. It is therefore clear 
that 𝑚0 can be obtained from 𝑚1 by multiplying it with the 

inverse Hessian. This means that an estimate of the 
inverse Hessian filter 𝐹 can be computed by minimizing 

the following cost function:  

𝑓(𝐹) =
1

2
‖𝑚0 − 𝐹𝑚1‖    where  𝐹 ≈ (𝐿𝑇𝐿)−1 

Applying 𝐹 to the migrated image 𝑚0, we get the 

approximate least-squares migration image 𝑚𝐿𝑆: 

𝑚𝐿𝑆 = (𝐿𝑇𝐿)−1𝐿𝑇𝑑0 ≈ 𝐹𝑚0 

The formulation for obtaining the Hessian filter in the 
curvelet domain (Wang et al., 2016) consists of rewriting 
the cost function as 

𝑓(𝑠) = ‖𝐶(𝑚0) − 𝑠𝐶(𝑚1)‖2 + 𝜖‖𝑠‖2 

where 𝐶 denotes the forward curvelet transform operator, 

𝑠 is the matching filter, and 𝜖 is the Tikhonov 

regularization parameter. The LSM output image is then 
computed as: 

𝑚𝐿𝑆 ≈ 𝐶−1(|𝑠|𝐶(𝑚0)) 

with 𝐶−1 the inverse curvelet transform operator. Note that 
we use |𝑠| to apply the filter, to make sure the used 

filtering is zero phase. We also mention that in principle 
this CHF method can be applied in both the image as well 
as the data domain. Throughout this work, however, we 
will always assume CHF is applied in the image domain. 

Assessing the quality of LSM 

Like any other processing step in the data-processing 
sequence, LSM requires accurate quality control and a 
careful review of the obtained results. As mentioned in the 
introduction, simply comparing images before and after 
LSM can be hampered by the variable nature of the 
reflectivity in the earth. To overcome this we propose to 
use PSFs to evaluate the effectiveness of CHF. The 
benefit of using PSFs is that the input reflectivity (or for 
point-scatterer possibly more precisely called 
“diffractivity”) is unity by definition. Therefore, when 
applying the approximate inverse Hessian to the PSFs 
obtained from standard migration of point-diffractors, we 
expect the resulting amplitudes of the PSFs to be again 
uniformly close to unity, independent of the position of the 
point-scatterers in the model. In this way we can quality 
control the ability of LSM to indeed remove illumination 
variations, because there are no amplitude variations 
from subsurface reflectivity variations in the input 
reflectivity.  

 

Figure 1 – a) Input grid of point-scatterers with unit reflectivity at depth slice z=4000m (partly in the post-salt area and partly 
inside the salt) through an area of the Libra area in the Santos Basin, b) depth slice (same depth) through PSFs resulting from 
Born modeling and RTM of the point-scatterers in a), and c) depth slice (same depth) through PSFs resulting from the 
application of CHF to the PSFs shown in b). All images show the RMS amplitude in a window of 100m centered on depth 
z=4000m. The improved amplitude balancing of PSFs after CHF in c) implies that it has successfully removed most of the 
illumination variations. Furthermore, some improvement in the resolution of the PSFs after CHF can be observed when 
compared to the PSFs obtained using RTM in b). The insets in b) and c) show a vertical slice through the middle of one PSF 
before and after CHF. 
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To calculate the PSFs, we start with a 3D grid of point-
scatterers. Using a given velocity model and the field-data 
acquisition geometry, we perform a Born modeling 𝐿 

using the grid of point-scatterers as the input reflectivity 
model. The resulting data are subsequently migrated to 
obtain the PSFs. Due to acquisition geometry effects and 
velocity model, as well as the bandlimited nature of the 
modeled data, the energy is spread away from the point-
scatterer. The resulting PSFs provides an estimate of the 
resolution obtained from the migration for each point in 
the model. It is important that the separation between the 
point-scatterers be large enough that the PSFs will not 
interfere. Typically 1 to 1.5 times the local wavelength 
should be enough. Using the resulting PSFs from RTM as 
input to LSRTM, we can then gauge the effectiveness of 
LSRTM in removing the illumination variations due to both 
the acquisition geometry and the velocity model.  

Figure 1a shows the input point-scatterer grid for a depth 
slice at z=4000m for a part of the Libra area in the Santos 
Basin. For this particular area, this depth is for some parts 
above the salt, and for some parts inside the salt. The 
resulting PSFs from RTM are shown in Figure 1b, 
showing the limited resolution obtained from RTM in 
focusing, bandwidth and amplitude. The illumination 
variations can now clearly be observed as variations in 
amplitude for different point-scatterer locations, as well as 
the variations of the shapes of the PSFs. Figure 1c shows 
the result of applying CHF to the PSFs from Figure 1b. 
The amplitudes are now more evenly distributed 
indicating that CHF has removed most illumination 
variations. Furthermore, a slight improvement in the 
focusing of the PSFs can be observed when compared to 
the RTM result (cf. Figure 1b, as well as the insets on 
Figures 1b and 1c highlighting the effect on in the vertical 
direction for one particular PSF). However, we mention 
that because CHF uses a matching filter approach, the 
slight improved focusing will be somewhat different on the 
field data than for the PSFs. This is due to the fact that 

the field data image mostly consists of a superposition of 
mostly curve-like bandlimited events, whereas a single 
PSF has more of a point-scatterer nature by design. As 
such the matching filter will behave slightly differently in 
this respect. However, the proposed method works well to 
assess the degree to which CHF rebalances the 
amplitude variations due to illumination variations.  

The use of PSFs to assess the quality of LSM can first be 
used on a smaller target area of interest. In this way the 
feasibility of using LSRTM to improve the image quality 
compared to RTM, can be assessed prior to running a full 
scale production LSRTM.  

Before we continue to discuss the field data results, we 
note once more that even though we use PSFs to quality 
control the application of CHF, we do not in any way use 
the PSFs to deconvolve the data, as done by Fletcher et 
al. (2016). The PSFs are used only to assess the quality 
of the resulting LSM, focusing mostly on the rebalancing 
of the amplitudes of the PSFs after LSM. Furthermore we 
remind the reader that LSM does not update the velocity 
model. As such, LSM is not expected to recover events 
that are not well imaged to begin with, due to a poor 
velocity model.  

Results – CHF applied to the Libra area in the Santos 
basin 

We applied the CHF method to two field datasets offshore 
Brazil. Both datasets have their reservoirs in the pre-salt 
area and both datasets were acquired with NAZ streamer 
acquisition geometries. The first dataset was acquired 
over the Libra area in the Santos basin.  During 
acquisition, severe feathering of the cables was observed 
due to the strong currents in this area. As a consequence 
parts of the area have variable fold as well as severe 
illumination variations. Moreover, the well-known 
subsurface complexities of the overburden with a 
combination of carbonates, volcanics and salt provide 

 

Figure 2– a) RTM migrated inline section of the field data in the Santos basin and b) the image obtained using CHF. As 
anticipated from Figure 1, the amplitudes have been rebalanced in b) compared to a). Furthermore the migration artifacts 
visible in a) (in particular in the shallow part) have been substantially reduced and several pre-salt reflectors are showing 
improved lateral continuity. The green boxes indicates the areas for which a zoomed image is displayed in Figure 3 for both 
methods. 
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plenty of complexity that results in illumination variations 
on the image of the pre-salt reservoir. CHF was applied to 
an RTM image over a fully-migrated area of about 150 
km

2
 using a maximum frequency of 23 Hz. We computed 

the inverse Hessian filter in the curvelet domain using the 
RTM stacks as input. Here we applied CHF in the post-
stack domain, but the method can also be applied in the 
pre-stack domain to provide offset or angle gathers. 
Figure 2a and b show the inline section for the RTM and 
CHF images, respectively. Comparing both images first in 
the shallow part, it is clear that the CHF image has less 
acquisition footprint just below the water bottom. 
Moreover, CHF nicely attenuates the migration artifacts in 
the shallow parts, as well as in the deeper parts in the salt 
and pre-salt area (see also Figure 3).  

 

Figure 3 – Zooms of the boxes shown on the inline 
migrated sections of the real data in the Santos basin in 
Figure 2, a) RTM and b) CHF.  

The PSF quality control was performed for both a depth 
window partly in the post-salt and partly inside the salt at 
z=4000m (see Figure 1) and for a deeper window at 
z=6000m in the pre-salt (see Figure 4). For both windows 
we observe that LSRTM corrects the illumination 
variations well. This provides further confidence in the 
amplitude balancing due to LSRTM observed in the inline 
stacked image shown in Figures 2b and 3b. Furthermore 
the PSFs after LSRTM in Figures 1c and 4b suggest 
some increased resolution after LSRTM for both depth 
windows. As mentioned previously this improvement is 
not so well visible on the stacked images in Figure 2b and 
3b. The data are already broadband because both 
source- as well as receiver-side deghosting have been 

applied prior to CHF. Furthermore we mention that we 
used a source-wavelet with a flat spectrum for the 
modeling and re-migration to calculate 𝑚1 and that no 

attenuation compensation was used.  

Results – CHF for field data in the Espírito Santo 
basin 

Our second field data example is from a BroadSeis NAZ 
streamer acquisition acquired in 2014 in the Espírito 
Santo basin. During acquisition the cables did not feather 
as much as in the previous Libra field data case, so the 
data were more regular. However, in this basin the 
presence of huge allochthonous salt bodies in the  

 

Figure 4 – a) PSFs resulting from Born modeling and 

RTM of point-scatterers at a depth of z=6000m (in the 
pre-salt) through an area of the Libra area in the Santos 
Basin, and b) PSFs resulting from the application of CHF 
to the PSFs shown in a). All images show the RMS 
amplitude in a window of 100m centered on depth 
z=6000m. The amplitudes of the PSFs are more balanced 
after CHF and we observe some small improvement in 
the resolution of the PSFs after CHF. 

subsurface causes substantial illumination variations and 
therefore hampers the imaging of the pre-salt reservoirs. 
Figure 5 shows the comparison between two inline 
migrated stacks from a pre-salt area using both RTM (a) 
and CHF (b). The migration artifacts have been 
substantially reduced by the application of CHF, and the 
amplitudes have been rebalanced as expected. The PSFs 
before and after application of CHF (see Figure 6) confirm 
that CHF substantially reduces the illumination variations. 
In this case the quality control using the PSFs was done 

 

Figure 5 – a) RTM migrated inline section of the field data in the Espírito Santo basin and b) the image obtained using CHF. 
Migration artifacts are substantially reduced and amplitudes have been rebalanced due to the correction for illumination 
variations resulting from CHF. As a result the spatial continuity of amplitudes along several pre-salt reflectors has been 
improved.  
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on a smaller part of the area, prior to full-scale application 
of CHF to the field data, in order to verify if the 
illumination variations would be substantially removed. In 
that way processing of the field data using CHF was 
justified.  

 

Figure 6 – a) PSFs resulting from Born modeling and 
RTM of point-scatterers at a depth of z=6000m (in the 
pre-salt) through an area in the Espírito Santo basin, and 
b) PSFs resulting from the application of CHF to the PSFs 
shown in a). All images show the RMS amplitude in a 
window of 100m centered on depth z=6000m. The 
amplitudes of the PSFs are clearly more balanced after 
CHF. 

Conclusions 

We showed the application of a curvelet domain Hessian 
filter (CHF) to approximate LSRTM using a single iteration 
in the image domain, to two NAZ streamer field datasets 
in both the Santos and the Espírito Santo basins offshore 
Brazil. For both field data sets, the targets are in the pre-
salt which is buried underneath a complex overburden. 
For each of these datasets we observe that CHF 
attenuates migration artefacts well when compared to 
standard RTM. Moreover CHF substantially reduces the 
amplitude variations due to illumination variations. As a 
result we see improved continuity along pre-salt reflectors 
for both data sets. LSRTM therefore benefits the 
exploration of pre-salt targets offshore Brazil. 
Furthermore, we found that comparison of PSFs resulting 
from RTM and LSRTM allows to isolate amplitude 
variations due to illumination variations from amplitude 
variations due to subsurface reflectivity variations. It 
provides a reliable quality control (QC) to verify the extent 
to which LSRTM is able to correct for amplitude variations 
due to illumination variations. This QC can be done on a 
smaller target area of interest prior to application to the 
field data, to justify full-scale computationally expensive 
application of LSRTM.  
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